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Àííîòàöèÿ
Â ñòàòüå ïîñòðîåíû âåðòèêàëüíûé è ãîðèçîíòàëüíûé ëèòû ëåâîèíâàðèàíòíûõ âåê-
òîðíûõ ïîëåé. Íàéäåíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå äëÿ òîãî, ÷òîáû ãîðèçîí-
òàëüíûé ëèò ëåâîèíâàðèàíòíûõ âåêòîðíûõ ïîëåé áûë ëåâîèíâàðèàíòíûì. Ïîñòðîåíû
ëåâîèíâàðèàíòíûå âåðòèêàëüíîå è ãîðèçîíòàëüíîå ðàñïðåäåëåíèÿ, à òàêæå ëåâîèíâàðè-
àíòíàÿ ìåòðèêà g íà T 20 G èç ëåâîèíâàðèàíòíîé ìåòðèêè íà áàçå G .
Êëþ÷åâûå ñëîâà: ëåâîèíâàðèàíòíàÿ ìåòðèêà, òåíçîðíîå ðàññëîåíèå íàä ãðóï-
ïîé Ëè, âåðòèêàëüíûé è ãîðèçîíòàëüíûé ëèòû, âåðòèêàëüíîå è ãîðèçîíòàëüíîå ðàñ-
ïðåäåëåíèÿ.
1. Âíóòðåííèå ñâÿçíîñòè íà T 2
0
G
Ïóñòü G  ãðóïïà Ëè ðàçìåðíîñòè n . Ìû áóäåì èñïîëüçîâàòü ñïîñîá èíäåêñà-
öèè êîìïîíåíò òåíçîðîâ, ââåä¼ííûé Á.Í. Øàïóêîâûì [1℄. Ïðîñòðàíñòâî T 2
0
îòîæ-
äåñòâëÿåòñÿ ñ âåêòîðíûì ïðîñòðàíñòâîì F ðàçìåðíîñòè n2 ñ ïîìîùüþ ëèíåéíîãî
èçîìîðèçìà J : T 2
0
→ F . Âûáðàâ â F íåêîòîðûé áàçèñ {eα} , ïîëîæèì Jeij =
= Jαijeα. Òîãäà â êîîðäèíàòàõ
Tα = JαijT
ij.
Çäåñü Jαij  íåêîòîðûå êîíñòàíòû, çàâèñÿùèå îò âûáîðà áàçèñîâ è îáðàçóþùèå
íåâûðîæäåííóþ n2 -ìàòðèöó, ãäå α îçíà÷àåò íîìåð ñòðîêè, à ñîâîêóïíîñòü èí-
äåêñîâ ij , çàíóìåðîâàííûõ â íåêîòîðîì ïîðÿäêå,  íîìåð ñòîëáöà. Ñ ïîìîùüþ
îáðàòíîé ìàòðèöû J−1 = (J ijα ) ïîëó÷èì T
ij = J ijα T
α
. Ïðè ýòîì âûïîëíÿþòñÿ
ñîîòíîøåíèÿ
JαijJ
ij
β = δ
α
β , J
ij
α J
α
km = δ
i
kδ
j
m.
Âñëåäñòâèå ýòîãî òåíçîðíîå ðàññëîåíèå T 2
0
M ìîæíî îòîæäåñòâèòü ñ âåêòîðíûì
E(M)  ïîìîùüþ ëèíåéíîãî èçîìîðèçìà J íàä M
xi = xi, Tα = JαijT
ij . (1)
Êîìïîíåíòû xi, Tα îáðàçóþò íà ðàññëîåííîì ìíîãîîáðàçèè àäàïòèðîâàííûå êîîð-
äèíàòû (XA) = (xi, Tα) , ãäå èíäåêñû ïðîáåãàþò ñëåäóþùèå çíà÷åíèÿ:
áàçèñíûå i, j, k, . . . = 1, . . . , n;
ñëîåâûå α, β, γ, . . . = n+ 1, . . . , N = n+ n2;
òîòàëüíûå A, B, C, . . . = 1, . . . , N = n+ n2.
Ïóñòü G  ãðóïïà Ëè ñ óìíîæåíèåì
(x, y)→ z = f(x, y) = xy, (2)
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(U,Ψ)  êàðòà â îêðåñòíîñòè åäèíè÷íîãî ýëåìåíòà e ãðóïïû Ëè, â êîòîðîé e èìååò
íóëåâûå êîîðäèíàòû, xi  êîîðäèíàòû òî÷êè x ∈ U . Åñëè x, y, z ∈ U , òî â ýòîé
îêðåñòíîñòè ãðóïïîâóþ îïåðàöèþ (2) ìîæíî çàïèñàòü â êîîðäèíàòàõ:
zi = f i(x1, . . . , xn, y1, . . . , yn).
Çäåñü f i ÿâëÿþòñÿ àíàëèòè÷åñêèìè óíêöèÿìè ñâîèõ àðãóìåíòîâ. Ôóíêöèè
f i(x, y) íàçûâàþòñÿ ãðóïïîâûìè óíêöèÿìè. Îíè óäîâëåòâîðÿþò î÷åâèäíûì ñî-
îòíîøåíèÿì
f i(x, e) = xi, f i(e, y) = yi,
(
∂f i
∂xj
)
e
=
(
∂f i
∂yj
)
e
= δij .
Îáîçíà÷èì ÷åðåç L(x) : G → G è R(x) : G → G ñîîòâåòñòâåííî ëåâûé è ïðàâûé
ñäâèãè íà ãðóïïå G , ïîðîæäåííûå ýëåìåíòîì x .
àññìîòðèì òåíçîðíîå ðàññëîåíèå òèïà (2, 0) íàä ãðóïïîé Ëè G ñ ïðîåêöèåé
pi : T 2
0
G→ G . Ìíîãîîáðàçèå T 2
0
G ÿâëÿåòñÿ ãðóïïîé Ëè ñ óìíîæåíèåì [2℄
(x, Tx) ◦ (y, Ty) = (xy, L∗(x)Ty +R∗(y)Tx). (3)
Â êîîðäèíàòíîé çàïèñè
zk = fk(xi, yj), T ijz = L
i
k(x)L
j
m(x)T
km
y +R
i
k(y)R
j
m(y)T
km
x , (4)
ãäå (Lji (x)) = (∂yjf
i(x, y))  ìàòðèöà äèåðåíöèàëà ëåâîãî ñäâèãà, ïðèìåí¼í-
íîãî ê ýëåìåíòó y ∈ G , (Rji (y)) = (∂xjf
i(x, y))  ìàòðèöà äèåðåíöèàëà ïðàâîãî
ñäâèãà, ïðèìåí¼ííîãî ê ýëåìåíòó x ∈ G . Èñïîëüçóÿ ââåäåííûé ñïîñîá èíäåêñàöèè,
ïîëoæèì
Lαβ(x) = J
α
kmL
k
i (x)L
m
j (x)J
ij
β , R
α
β (x) = J
α
kmR
k
i (x)R
m
j (x)J
ij
β . (5)
Òîãäà îïåðàöèÿ óìíîæåíèÿ (3) ïðèìåò âèä:
zk = fk(xi, yj), Tαz = L
α
β(x)T
β
y +R
α
β (y)T
β
x . (6)
Èç (3) ñëåäóåò, ÷òî äèåðåíöèàë ëåâîãî äåéñòâèÿ íà T 2
0
G â íàòóðàëüíîì ïîëå
ðåïåðîâ èìååò âèä:
L∗(X) =
(
L∗(x) 0
∂y(R∗(y)⊗R∗(y))eTx L∗(x)⊗ L∗(x)
)
, (7)
ãäå L∗(x), R∗(x)  äèåðåíöèàëû ëåâîãî è ïðàâîãî äåéñòâèÿ íà ãðóïïå G ñîîò-
âåòñòâåííî. Êàæäûé èç íåíóëåâûõ áëîêîâ ìàòðèöû (7) èìååò ñëåäóþùèé êîîðäè-
íàòíûé âèä [2℄
L∗(x) = (L
i
j(x)),
(∂y(R∗(y)⊗R∗(y)))eTx = J
α
km(δ
m
j ∂iL
k
s(x) + δ
k
i ∂jL
m
s (x))T
ij
x ≡ L
α
βs(x)T
β
x ,
L∗(x) ⊗ L∗(x) = (L
β
α(x)).
(8)
àññìîòðèì ïðîåêöèþ p : T 2
0
M → M . Òîãäà å¼ äèåðåíöèàë p∗ : T (T
2
0
M) →
→ TM åñòü ìîðèçì êàñàòåëüíûõ ðàññëîåíèé, êîòîðûé âñÿêîìó âåêòîðó U â òî÷êå
X ∈ T 2
0
M ñòàâèò â ñîîòâåòñòâèå âåêòîð u = p∗U â òî÷êå p(X) . Âîçíèêàåò âåðòè-
êàëüíîå ïîäðàññëîåíèå
V (T 2
0
M) = ker p∗ ⊂ T (T
2
0
M)
ðàçìåðíîñòè m2, ñå÷åíèÿ êîòîðîãî íàçûâàþòñÿ âåðòèêàëüíûìè âåêòîðíûìè ïî-
ëÿìè íà T 2
0
M . Âåðòèêàëüíûå ïîäïðîñòðàíñòâà îáðàçóþò èíâîëþòèâíîå ðàñïðåäå-
ëåíèå íà ìíîãîîáðàçèè T 2
0
M .
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Îïðåäåëåíèå 1. îâîðÿò, ÷òî ðàññëîåíèå T 2
0
M ñíàáæåíî âíóòðåííåé ñâÿçíî-
ñòüþ, åñëè íà ðàññëîåííîì ìíîãîîáðàçèè çàäàíî ãëàäêîå ðàñïðåäåëåíèå H(T 2
0
M) ,
äîïîëíèòåëüíîå ê âåðòèêàëüíîìó.
Óêàçàííîå ðàñïðåäåëåíèå ïðèíÿòî íàçûâàòü ãîðèçîíòàëüíûì [1℄. Òàêèì îáðà-
çîì,
T (T 2
0
M) = H(T 2
0
M)⊕ V (T 2
0
M).
Ïîñòðîèì ãîðèçîíòàëüíîå ðàñïðåäåëåíèå H(T 2
0
G) íà ðàññëîåíèè T 2
0
G .
Ëîêàëüíî åãî ìîæíî çàäàòü ïðîåêòèðóåìûìè âåêòîðíûìè ïîëÿìè
∂Hi = ∂i − Γ
α
i (X)∂α,
pi -ñâÿçàííûìè ñ âåêòîðàìè ∂i íàòóðàëüíîãî ïîëÿ ðåïåðîâ íà áàçå, ãäå X ∈ T
2
0
G .
Âìåñòå ñ âåðòèêàëüíûìè âåêòîðíûìè ïîëÿìè ∂α = J
ij
α ∂i ⊗ ∂j îíè îáðàçóþò àäàï-
òèðîâàííîå ïîëå ðåïåðîâ íà T 2
0
G [3℄. Äâîéñòâåííûì îáðàçîì ýòî ðàñïðåäåëåíèå
çàäàåòñÿ áàçèñîì ëèíåéíûõ îðì
ωα = dTα + Γαi (X)dx
i,
êîòîðûå âìåñòå ñ 1-îðìàìè dxi îáðàçóþò àäàïòèðîâàííîå ïîëå êîðåïåðîâ. Â òîì
ñëó÷àå, êîãäà óíêöèè Γαi (X) ëèíåéíî è îäíîðîäíî çàâèñÿò îò ñëîåâûõ êîîðäèíàò
Tα , òî åñòü
Γαi (x
k, T βx ) = Γ
α
iγ(x
k)T γ ,
ãîâîðÿò, ÷òî âíóòðåííÿÿ ñâÿçíîñòü ëèíåéíà. Òàêèì îáðàçîì, âíóòðåííÿÿ ñâÿçíîñòü
çàäàåòñÿ óíêöèÿìè Γαiγ(x)  êîìïîíåíòàìè âíóòðåííåé ñâÿçíîñòè [3℄.
àññìîòðèì ãðóïïó Ëè G . Íà âñÿêîé ãðóïïå Ëè, ïîñêîëüêó îíà ÿâëÿåòñÿ ïà-
ðàëëåëèçóåìûì ìíîãîîáðàçèåì, ñóùåñòâóþò êàíîíè÷åñêèå ëèíåéíûå ñâÿçíîñòè.
àññìîòðèì ëåâóþ ñâÿçíîñòü ∇̂ , îòíîñèòåëüíî êîòîðîé àáñîëþòíî ïàðàëëåëüíû
ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ. Ëåâàÿ ñâÿçíîñòü èìååò íóëåâóþ êðèâèçíó, íî
íåíóëåâîå êðó÷åíèå [4℄. Êîýèöèåíòû ëåâîé ñâÿçíîñòè èìåþò âèä
Γ̂kij(x) = −L˜
s
j(x)∂iL
k
s(x) = L
k
s(x)∂iL˜
s
j(x), (9)
ãäå (Lsj(x))  ìàòðèöà äèåðåíöèàëà ëåâîãî ñäâèãà íà L∗(x) íà ãðóïïå Ëè G ,
(L˜sj(x))  ìàòðèöà, îáðàòíàÿ ê ìàòðèöå (L
s
j(x)) .
Èçâåñòíî, ÷òî ëåâàÿ ñâÿçíîñòü ãðóïïû G îäíîçíà÷íî îïðåäåëÿåò íà ðàññëîåíèè
T 2
0
G âíóòðåííþþ ñâÿçíîñòü ñ êîìïîíåíòàìè [5℄
Γ̂ijkpq(x) = δ
i
pΓ̂
j
kq(x) + δ
j
qΓ̂
i
kp(x). (10)
Ñ ó÷¼òîì îáîçíà÷åíèé, ââåä¼ííûõ ðàíåå, âåëè÷èíû (10) ìîæíî çàïèñàòü òàêæå
â âèäå
Γ̂αkβ(x) = J
α
ij Γ̂
ij
kpq(x)J
pq
β , (11)
ãäå J
pq
β  êîìïîíåíòû îáðàòíîé ìàòðèöû J
−1
.
àññìîòðèì ïðàâóþ ñâÿçíîñòü ∇˜ íà ãðóïïå Ëè G , îòíîñèòåëüíî êîòîðîé àáñî-
ëþòíî ïàðàëëåëüíû ïðàâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ. Ïðàâàÿ ñâÿçíîñòü èìååò
íóëåâóþ êðèâèçíó, íî íåíóëåâîå êðó÷åíèå [4℄.
Èçâåñòíî [6℄, ÷òî ïðàâàÿ ñâÿçíîñòü íà ãðóïïå Ëè ÿâëÿåòñÿ âçàèìíîé ê ëåâîé
ñâÿçíîñòè. Ïóñòü Γ˜kij  êîýèöèåíòû ïðàâîé ñâÿçíîñòè â íàòóðàëüíîì ïîëå ðåïå-
ðîâ. Òîãäà
Γ˜kij(x) = Γ̂
k
ji(x), (12)
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îòêóäà êîýèöèåíòû ïðàâîé ñâÿçíîñòè â íàòóðàëüíîì ïîëå ðåïåðîâ ðàâíû
Γ˜kij(x) = −L˜
s
i (x)∂jL
k
s(x). (13)
Âû÷èñëèì êîýèöèåíòû âíóòðåííåé ñâÿçíîñòè íà T 2
0
G , èñïîëüçóÿ îðìóëó
(10). Èìååì
Γ˜αiβ = J
α
kmJ
ps
β (δ
k
p Γ˜
m
is + δ
m
s Γ˜
k
ip). (14)
Òîãäà, ó÷èòûâàÿ (12) è (10), ïîëó÷èì
Γ˜αiβ = J
α
kmJ
ps
β (δ
k
p Γ˜
m
is + δ
m
s Γ˜
k
ip) = J
α
kmJ
ps
β (δ
k
p Γ̂
m
si + δ
m
s Γ̂
k
pi) = Γ̂
α
βi.
Îòñþäà ñëåäóåò
Ïðåäëîæåíèå 1. Âíóòðåííÿÿ ñâÿçíîñòü íà T 2
0
G , ïîñòðîåííàÿ èç ïðàâîé
ñâÿçíîñòè íà áàçå G , ÿâëÿåòñÿ âçàèìíîé ê âíóòðåííåé ñâÿçíîñòè (10), ïîñòðî-
åííîé èç ëåâîé ñâÿçíîñòè íà G .
2. îðèçîíòàëüíûé è âåðòèêàëüíûé ëèòû âåêòîðíûõ ïîëåé
àññìîòðèì âåðòèêàëüíîå ðàñïðåäåëåíèå íà òåíçîðíîì ðàññëîåíèè T 2
0
G . Äëÿ
íåãî âåðíî ñëåäóþùåå ïðåäëîæåíèå.
Ïðåäëîæåíèå 2. Âåðòèêàëüíîå ðàñïðåäåëåíèå V (T 2
0
G) ⊂ T 2
0
G ëåâîèíâàðè-
àíòíî.
Äîêàçàòåëüñòâî. Âîçüì¼ì ïðîèçâîëüíûé âåêòîð U ∈ VE(T
2
0
G) è ïðèìåíèì
ê íåìó äèåðåíöèàë ëåâîãî ñäâèãà (7). Òîãäà
U(X) = L∗(X)U = L
α
β(x)U
β∂α,
îòêóäà ñëåäóåò, ÷òî U(X) ∈ VX(T
2
0
G) , òî åñòü âåðòèêàëüíîå ðàñïðåäåëåíèå
V (T 2
0
G) ⊂ T 2
0
G ëåâîèíâàðèàíòíî.
Ïóñòü Ei(X) = e
H
i (X)  ãîðèçîíòàëüíûé ëèò ëåâîèíâàðèàíòíîãî âåêòîðíîãî
ïîëÿ ei(x) íà G . Îòîáðàæåíèå ãîðèçîíòàëüíîãî ëèòà, òî åñòü ëèíåéíûé èçîìîð-
èçì H : TxG→ HX(T
2
0
G), ïåðåñòàíîâî÷íî ñ äèåðåíöèàëîì ëåâîãî ñäâèãà:
Ei(X) = e
H
i (X) = (L∗(x)∂i)
H = L∗(X)∂
H
i .
Íàéä¼ì óñëîâèå, ïðè êîòîðîì {Ei} ÿâëÿþòñÿ ëåâîèíâàðèàíòíûìè âåêòîðíûìè ïî-
ëÿìè. Óñëîâèå ëåâîèíâàðèàíòíîñòè Ei
Ei(AX) = L∗(A)Ei(X), (15)
ãäå A ∈ T 2
0
G . Â êîîðäèíàòàõ îòíîñèòåëüíî íàòóðàëüíîãî ïîëÿ ðåïåðîâ Ei óñëîâèå
ëåâîèíâàðèàíòíîñòè èìååò âèä
Ei(X) = L
k
i (x)(∂k − Γ
β
kα(x)T
α
x ∂β).
Òîãäà
L∗(A)Ei(X) = L
k
j (a)L
j
i (x)∂k − (L
α
βj(a)T
β
a L
j
i (x) + L
α
β(a)L
k
i (x)Γ
β
kγ(x)T
γ
x )∂α. (16)
Ñ äðóãîé ñòîðîíû,
Ei(AX) = L
k
i (ax)(∂k − Γ
α
kβ(ax)T
β
ax∂α). (17)
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Çàìåòèì, ÷òî â ñèëó îðìóëû (3)
T βax = L
β
γ(a)T
γ
x +R
β
γ (x)T
γ
a .
Âñëåäñòâèå ýòîãî
Ei(AX) = L
k
i (ax)∂k − (L
k
i (ax)Γ
α
kβ(ax)L
β
γ (a)T
γ
x + L
k
i (ax)Γ
α
kβ(ax)R
β
γ (x)T
γ
a )∂α. (18)
Ïîëàãàÿ â îðìóëàõ (16) è (18) X = E = (e, 0) è ñðàâíèâàÿ èõ, ïîëó÷èì:
Lαγi(a)T
γ
a = L
k
i (a)Γ
α
kγ(a)T
γ
a ,
îòêóäà
Γαiγ(a) = −L˜
k
i (a)L
α
γk(a) = −L˜
k
i (a)J
α
sm(δ
m
q ∂pL
s
k(a) + δ
s
p∂qL
m
k (a))J
pq
γ =
= JαsmJ
pq
γ (−δ
m
q L˜
k
i (a)∂pL
s
k(a)− δ
s
pL˜
k
i (a)∂qL
m
k (a))
Ó÷èòûâàÿ îðìóëû (13) è (14), èìååì
Γαiγ(a) = J
α
smJ
pq
γ (δ
m
q Γ˜
s
ip(a) + δ
s
pΓ˜
m
iq(a)) = Γ˜
α
iγ(a), (19)
ãäå Γ˜kij(a)  êîýèöèåíòû ïðàâîé ñâÿçíîñòè íà ãðóïïå Ëè G , Γ˜
α
iγ(a)  êîýè-
öèåíòû âíóòðåííåé ñâÿçíîñòè íà ãðóïïå Ëè T 2
0
G . Ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 1. Äëÿ òîãî ÷òîáû ãîðèçîíòàëüíûå ëèòû ëåâîèíâàðèàíòíûõ âåê-
òîðíûõ ïîëåé ÿâëÿëèñü ëåâîèíâàðèàíòíûìè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
êîýèöèåíòû âíóòðåííåé ñâÿçíîñòè ñîâïàäàëè ñ êîýèöèåíòàìè âíóòðåííåé
ñâÿçíîñòè Γ˜αiγ , çàäàâàåìûìè (14).
Ñëåäñòâèå 1. Ïîëå ðåïåðîâ Ei îáðàçóåò ëåâîèíâàðèàíòíîå ïîëå ðåïåðîâ ãî-
ðèçîíòàëüíîãî ðàñïðåäåëåíèÿ H(T 2
0
G) .
Äëÿ ãîðèçîíòàëüíîãî ðàñïðåäåëåíèÿ íà òåíçîðíîì ðàññëîåíèè T 2
0
G âåðíà ñëå-
äóþùàÿ
Òåîðåìà 2. îðèçîíòàëüíîå ðàñïðåäåëåíèå H(T 2
0
G) , îïðåäåëÿåìîå ñâÿçíîñòüþ
ñ êîýèöèåíòàìè Γ˜αiβ (14), ÿâëÿåòñÿ ëåâîèíâàðèàíòíûì.
Äîêàçàòåëüñòâî. Ïóñòü U ∈ HE(T
2
0
G) , òî åñòü U = U i∂Hi (E) . Çàìåòèì, ÷òî
∂Hi (E) = ∂i(E) − Γ
α
i (E)∂α(E) = ∂i(E),
òàê êàê êîýèöèåíòû ëèíåéíîé ñâÿçíîñòè Γαi â åäèíèöå E = (e, 0) ∈ T
2
0
G ðàâíû
íóëþ. Äåéñòâóÿ íà âåêòîð U äèåðåíöèàëîì ëåâîãî ñäâèãà (7), ïîëó÷èì
U(X) = L∗(X)U = L
i
j(x)U
j∂i + L
α
βj(x)T
β
x U
j∂α.
Ñ ó÷åòîì îðìóëû (9) è ïðåäëîæåíèÿ 1 ïîëó÷èì
Lαβs(x)T
β
x = J
α
km(∂pL
k
s(x)T
pm
x + ∂qL
m
s (x)T
kq
x ) =
= Jαkm(δ
m
q ∂pL
k
s(x) + δ
k
p∂qL
m
s (x))T
pq
x = −J
α
km(Γ̂
k
pi(x)L
i
s(x)δ
m
q + Γ̂
m
qj(x)L
j
s(x)δ
k
p )T
pq
x =
= −Jαkm(Γ̂
k
pj(x)δ
m
q + Γ̂
m
qj(x)δ
k
p )L
j
s(x)T
pq
x = −L
j
s(x)Γ̂
α
βj(x)T
β
x = −L
j
s(x)Γ˜
α
jβ(x)T
β
x .
Òîãäà
U(X) = Lij(x)U
j(∂i − Γ˜
α
iγ(x)T
β
x ∂α) = L
i
j(x)U
j∂Hi = U
jEj .
Îòñþäà ñëåäóåò, ÷òî âåêòîð U(X) ∈ HX(T
2
0
G) . Çíà÷èò, ãîðèçîíòàëüíîå ðàñïðåäå-
ëåíèå ëåâîèíâàðèàíòíî.
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Îïðåäåëèì âåðòèêàëüíûå âåêòîðíûå ïîëÿ
Eα(X) = J
ij
α ei(x)⊗ ej(x). (20)
Â êîîðäèíàòàõ îíè èìåþò âèä Eα(X) = L
β
α(x)∂β .
Òåîðåìà 3. Âåðòèêàëüíûå âåêòîðíûå ïîëÿ Eα , îïðåäåë¼ííûå îðìóëîé (20),
ÿâëÿþòñÿ ëåâîèíâàðèàíòíûìè.
Äîêàçàòåëüñòâî. Âîçüì¼ì âåðòèêàëüíûå âåêòîðà Eα(X) ∈ VX(T
2
0
G) è ïðè-
ìåíèì ê íèì äèåðåíöèàë ëåâîãî ñäâèãà (7). Â ðåçóëüòàòå ïîëó÷èì
L∗(A)Eα(X) = L
β
γ (a)L
γ
α(x)∂β = L
β
α(ax)∂β = Eα(AX).
Ñëåäñòâèå 2. Ïîëå ðåïåðîâ Eα îáðàçóåò ëåâîèíâàðèàíòíîå ïîëå ðåïåðîâ âåð-
òèêàëüíîãî ðàñïðåäåëåíèÿ V (T 2
0
G) .
Èòàê, ìû ïîñòðîèëè ëåâîèíâàðèàíòíîå è àäàïòèðîâàííîå ïîëå ðåïåðîâ {EA =
= (Ei, Eα)} , ãäå
Ei(X) = L
j
i (x)∂
H
j , Eα(X) = L
β
α(x)∂β . (21)
Íàéä¼ì ñòðóêòóðíûå óðàâíåíèÿ. àññìîòðèì ñíà÷àëà êîììóòàòîð [Eα, Eβ ] .
Ó÷èòûâàÿ îïðåäåëåíèå êîììóòàòîðà è âèä áàçèñà (21), ïîëó÷èì
[Eα, Eβ ] = [L
γ
α(x)∂γ , L
δ
β(x)∂δ] = L
γ
α(x)(∂γL
δ
β(x))∂δ − L
δ
β(x)(∂δL
γ
α(x))∂γ = 0.
Âû÷èñëèì êîììóòàòîð [Ei, Eα] :
[Ei, Eα] = [L
j
i (x)∂
H
j , L
β
α(x)∂β ] =
= Lji (x)(∂
H
j L
β
α(x))∂β − L
β
α(x)(∂βL
j
i (x))∂
H
j + L
j
i (x)L
β
α(x)[∂
H
j , ∂β ] =
= Lji (x)(∂jL
β
α(x))∂β + L
j
i (x)L
β
α(x)[∂
H
j , ∂β ].
Çàìåòèì, ÷òî
[∂Hj , ∂β ] = [∂j − Γ˜
γ
jα(x)T
α∂γ , ∂β ] = ∂β(Γ˜
γ
iα(x)T
α)∂γ = Γ˜
γ
jβ(x)∂γ .
Ó÷èòûâàÿ ïîñëåäíåå âûðàæåíèå, èìååì
[Ei, Eα] = L
j
i (x)(∂jL
β
α(x))∂β + L
j
i (x)L
β
α(x)Γ˜
γ
jβ(x)∂γ . (22)
Ñ äðóãîé ñòîðîíû,
[Ei, Eα] = C
j
iαEj + C
β
iαEβ = C
j
iαL
k
j (x)∂
H
k + C
β
iαL
γ
β(x)∂γ =
= CjiαL
k
j (x)(∂j − Γ˜
γ
kδ(x)T
δ∂γ) + C
β
iαL
γ
β(x)∂γ =
= CjiαL
k
j (x)∂j − C
j
iαL
k
j (x)Γ˜
γ
kδ(x)T
δ∂γ + C
β
iαL
γ
β(x)∂γ .
Ñðàâíèâàÿ ýòî âûðàæåíèå ñ (22), èìååì
C
j
iαL
k
j (x) = 0,
C
j
iαL
k
j (x)Γ˜
γ
kδ(x)T
δ + CβiαL
γ
β(x) = L
j
i (x)(∂jL
γ
α(x)) + L
j
i (x)L
β
α(x)Γ˜
γ
jβ(x),
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îòêóäà C
j
iα = 0 è
C
β
iαL
γ
β(x) = L
j
i (x)(∂jL
γ
α(x)) + L
j
i (x)L
β
α(x)Γ˜
γ
jβ(x). (23)
Ïîëàãàÿ â (23) X = E , ïîëó÷èì
C
β
iα = (∂iL
β
α(x))e + Γ˜
β
iα(e).
Âû÷èñëèì ñòðóêòóðíûå êîíñòàíòû C
β
iα
(∂iL
β
α(x))e = J
β
psJ
km
α ((∂iL
p
k(x))eδ
s
m + (∂iL
s
m(x))eδ
p
k);
è
Γ˜βiα(e) = J
β
psJ
km
α (Γ˜
p
ik(e)δ
s
m + Γ˜
s
im(e)δ
p
k) = J
β
psJ
km
α (−(∂kL
p
i (x))eδ
s
m − (∂mL
i
m(x))eδ
p
k).
Ñêëàäûâàÿ (∂iL
β
α(x))e è Γ˜
β
iα(e) , ïîëó÷èì
C
β
iα = J
β
psJ
km
α ((∂iL
p
k(x))eδ
s
m + (∂iL
s
m(x))eδ
p
k −
− (∂kL
p
i (x))eδ
s
m − (∂mL
i
m(x))eδ
p
k)) = J
β
psJ
km
α (c
p
ikδ
s
m + c
s
imδ
p
k) = c
α
iβ .
Âû÷èñëèì ïîñëåäíèé êîììóòàòîð
[Ei, Ej ] = [L
k
i (x)∂
H
k , L
m
j (x)∂
H
m ] =
= Lki (x)(∂
H
k L
m
j (x))∂
H
m − L
m
j (x)(∂
H
mL
k
i (x))∂
H
k + L
k
i (x)L
m
j (x)[∂
H
k , ∂
H
m ] =
= Lki (x)(∂kL
m
j (x))∂
H
m − L
k
j (x)(∂kL
m
i (x))∂
H
m + L
k
i (x)L
m
j (x)[∂
H
k , ∂
H
m ] =
= ckijL
k
m(x)∂
H
m + L
k
i (x)L
m
j (x)[∂
H
k , ∂
H
m ] = c
k
ijEk + L
k
i (x)L
m
j (x)[∂
H
k , ∂
H
m ].
Äàëåå èìååì
[∂Hk , ∂
H
m ] = [∂k − Γ˜
α
kβT
β∂α, ∂m − Γ˜
γ
mδT
δ∂γ ] =
= −(∂kΓ˜
γ
mδ)T
δ∂γ + Γ˜
α
kβT
β∂α(Γ˜
γ
mδT
δ)∂γ + (∂mΓ˜
α
kβ)T
β∂α − Γ˜
γ
mδT
δ∂γ(Γ˜
α
kβT
β)∂α =
= (∂mΓ˜
α
kβ − ∂kΓ˜
α
mβ + Γ˜
γ
kβΓ˜
α
mγ − Γ˜
γ
mβΓ˜
α
kγ)T
β∂α = R˜
α
βmkT
β∂α.
Çäåñü R˜αβmk  êîìïîíåíòû òåíçîðà êðèâèçíû âíóòðåííåé ñâÿçíîñòè (14), ïîñòðî-
åííîé èç êîýèöèåíòîâ ïðàâîé ñâÿçíîñòè íà áàçå [7℄. Òàê êàê R˜αβmk = 0 , òî
[Ei, Ej ] = c
k
ijEk.
Òàêèì îáðàçîì, óñòàíîâëåí ñëåäóþùèé ðåçóëüòàò
Ïðåäëîæåíèå 3. Êîììóòàòîðû âåêòîðíûõ ïîëåé (21) èìåþò ñëåäóþùèé
âèä:
[Ei, Ej ] = c
k
ijEk, [Ei, Eα] = c
β
iαEβ , [Eα, Eβ ] = 0. (24)
Èç ïåðâîãî ñîîòíîøåíèÿ âûòåêàåò, ÷òî ãîðèçîíòàëüíîå ðàñïðåäåëåíèå èíâàëþ-
òèâíî [7℄. Òîãäà, èñïîëüçóÿ òåîðåìó Ôðîáåíèóñà [7℄, ïîëó÷èì
Ïðåäëîæåíèå 4. Ëåâîèíâàðèàíòíîå ãîðèçîíòàëüíîå ðàñïðåäåëåíèå H(T 2
0
G) ,
îïðåäåëÿåìîå ñâÿçíîñòüþ ñ êîýèöèåíòàìè Γ˜αiβ (14), ÿâëÿåòñÿ âïîëíå èíòåãðè-
ðóåìûì.
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3. Ëåâîèíâàðèàíòíàÿ ìåòðèêà
íà òåíçîðíûõ ðàññëîåíèÿõ òèïà (2,0) ãðóïï Ëè
Ïóñòü {∂i}  ïîëå íàòóðàëüíûõ ðåïåðîâ íà ãðóïïå Ëè G . Òîãäà âåêòîðíûå ïîëÿ
ei(x) = L∗(x)∂i îáðàçóþò ëåâîèíâàðèàíòíîå ïîëå ðåïåðîâ íà G .
Îïðåäåëåíèå 2. (Ïñåâäî)ðèìàíîâà ìåòðèêà ĝ ïðîèçâîëüíîé ñèãíàòóðû íà
ãðóïïå Ëè G íàçûâàåòñÿ ëåâîèíâàðèàíòíîé, åñëè îíà èíâàðèàíòíà ïðè ëåâûõ ñäâè-
ãàõ, òî åñòü åñëè
L∗(x)ĝ(uy, vy) = ĝ(L
−1
∗
(x)uxy , L
−1
∗
(x)vxy), (25)
ãäå uy, vy ∈ TyG [8℄.
×òîáû çàäàòü ëåâîèíâàðèàíòíóþ ìåòðèêó ĝ , äîñòàòî÷íî çàäàòü åå â åäèíèöå
ãðóïïû, òî åñòü â îðìóëå (25) ïîëîæèòü y = e . Òîãäà â ëþáîé òî÷êå x ∈ G å¼
êîìïîíåíòû â íàòóðàëüíîì ïîëå ðåïåðîâ ðàâíû [9℄
ĝij(x) = ĝkm(e)L˜
k
i (x)L˜
m
j (x), (26)
ãäå (L˜ki (x))  ìàòðèöà, îáðàòíàÿ ê ìàòðèöå äèåðåíöèàëà ëåâîãî ñäâèãà íà ãðóïïå
G . Â ëåâîèíâàðèàíòîì ïîëå ðåïåðîâ {ei(x)} ëåâîèíâàðèàíòíàÿ ìåòðèêà èìååò ïî-
ñòîÿííûå êîìïîíåíòû, êîòîðûå îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:
ĝij = (ei, ej).
Òîãäà â ýòîì ïîëå ðåïåðîâ ëåâîíâàðèàíòíàÿ ìåòðèêà èìååò âèä
ĝ = ĝijdω
idωj,
ãäå ωi = L˜∗(x)dx
i
îáðàçóþò áàçèñ ëåâîèíâàðèàíòíûõ 1-îðì íà G .
Îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå íà ëåâîèíâàðèàíòíîì ãîðèçîíòàëüíîì ðàñ-
ïðåäåëåíèè H(T 2
0
G) :
(Ei(X), Ej(X)) = (e
H
i (X), e
H
j (X)) = (ei(x), ej(x)) ◦ pi(X) = ĝij . (27)
Ìû ïîñòðîèëè ìåòðèêó íà ãîðèçîíòàëüíîì ðàñïðåäåëåíèè, êîòîðàÿ ÿâëÿåòñÿ ãîðè-
çîíòàëüíûì ëèòîì ìåòðèêè ĝ . Áóäåì å¼ îáîçíà÷àòü êàê ĝH .
Òåïåðü îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå íà ëåâîèíâàðèàíòíîì âåðòèêàëüíîì
ðàñïðåäåëåíèè V (T 2
0
G) :
(Eα(X), Eβ(X)) = J
ij
α J
km
β (ei(x)⊗ ej(x), ek(x) ⊗ em(x)) =
= J ijα J
km
β (ei(x), ek(x))(ej(x), em(x)) = J
ij
α J
km
β ĝikĝjm. (28)
Ìû ïîñòðîèëè ìåòðèêó íà âåðòèêàëüíîì ðàñïðåäåëåíèè, êîòîðàÿ ÿâëÿåòñÿ âåðòè-
êàëüíûì ëèòîì ìåòðèêè ĝ . Áóäåì å¼ îáîçíà÷àòü êàê ĝV .
Ïóñòü (Ei, Eα) = 0, òî åñòü ãîðèçîíòàëüíîå è âåðòèêàëüíîå ðàñïðåäåëåíèÿ îð-
òîãîíàëüíû. Ïîñòðîèì ìåòðèêó g íà òåíçîðíîì ðàññëîåíèè T 2
0
G ñëåäóþùèì îá-
ðàçîì:
g =
(
ĝH 0
0 ĝV
)
. (29)
Òàêèì îáðàçîì, íà îñíîâå ìåòðèêè ĝ ïîñòðîåíà ìåòðèêà g íà òåíçîðíîì ðàñ-
ñëîåíèè, êîòîðàÿ â ëåâîèíâàðèàíòíîì àäàïòèðîâàííîì ïîëå ðåïåðîâ (21) èìååò
ïîñòîÿííûå êîìïîíåíòû
g =
(
ĝij 0
0 ĝαβ
)
. (30)
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Ýòà ìåòðèêà íà òåíçîðíîì ðàññëîåíèè T 2
0
G â ëåâîèíâàðèàíòíîì àäàïòèðîâàííîì
ïîëå ðåïåðîâ (21) èìååò âèä
g = ĝij dΩ
idΩj + ĝαβ dΩ
αdΩβ , (31)
ãäå Ωi = L˜ij(x)dx
j , Ωα = L˜αβ(x)(dT
β + Γ̂βγi(x)T
γ
x dx
i)  ëåâîèíâàðèàíòíûå 1-îðìû.
Èç ñïîñîáà ïîñòðîåíèÿ ýòîé ìåòðèêè âûòåêàåò
Òåîðåìà 4. Ìåòðèêà (31) ÿâëÿåòñÿ ëåâîèíâàðèàíòíîé.
Ïîäñòàâèì ëåâîèíâàðèàíòíûå îðìû Ωi,Ωα â (31). Òîãäà ïîëó÷èì
g = ĝijL˜
i
k(x)L˜
j
m(x)dx
kdxm +
+ ĝαβL˜
α
γ (x)L˜
β
δ (x)(dT
γ + Γ̂γωk(x)T
ω
x dx
k)(dT δ + Γ̂δηm(x)T
η
x dx
m) =
= (ĝij L˜
i
k(x)L˜
j
m(x) + ĝαβL˜
α
γ (x)L˜
β
δ (x)Γ̂
γ
ωk(x)Γ̂
δ
ηm(x)T
ω
x T
η
x )dx
kdxm +
+ 2ĝαβL˜
α
γ (x)L˜
β
δ (x)Γ̂
γ
ωk(x)T
ω
x dx
kdT δ + ĝαβL˜
α
γ (x)L˜
β
δ (x)dT
γdT δ.
Èç îïðåäåëåíèÿ ëåâîèíâàðèàíòíîé ìåòðèêè ñëåäóåò, ÷òî
ĝijL˜
i
k(x)L˜
j
m(x) = ĝij(x).
Îòñþäà
ĝαβL˜
α
γ (x)L˜
β
δ (x) = J
ij
α J
km
β ĝikĝjmJ
α
psJ
tq
γ L
p
t (x)L
s
q(x)J
β
cdJ
lr
δ L
c
l (x)L
d
r(x) =
= J tqγ J
lr
δ ĝikL
i
t(x)L
k
l (x)ĝjmL
j
q(x)L
m
r (x) = J
tq
γ J
lr
δ ĝtl(x)ĝqr(x) = ĝγδ(x).
Çíà÷èò, ëåâîèíâàðèàíòíàÿ ìåòðèêà (31) â íàòóðàëüíîì ïîëå ðåïåðîâ èìååò âèä
g = (ĝij(x) + ĝαβ(x)Γ̂
γ
ωi(x)Γ̂
δ
ηj(x)T
ω
x T
η
x ) dx
idxj +
+ 2ĝαβ(x)Γ̂
α
γi(x)T
γ
x dx
kdT β + ĝαβ(x) dT
αdT β.
Summary
N.A. Opokina. Left-Invariant Metris on a Tensor Bundle of Type (0,2) over a Lie Group.
In this paper, we onstrut vertial and horizontal lifts of left-invariant vetor elds.
We establish neessary and suient onditions for the horizontal lift of a left-invariant vetor
eld to be a left-invariant eld. From a left-invariant metri on G , we build a left-invariant
metri on T 20 G .
Key words: left-invariant metri, tensor bundle over a Lie group, vertial and horizontal
lifts, left-invariant vertial and horizontal distributions.
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